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S A N D  A N D  I T S  U S E F U L  L I M I T S  
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An app rox ima te  equation of s ta te  of a mul t icomponent  medium has been introduced [1] in which the 
values  of the compres s ib i l i t i e s  of the components  occur .  In this note, the actual  values  of the cubic content 
of the components  a r e  de te rmined ,  an analysis  of the c o m p r e s s i o n  equation is p resen ted ,  and its useful 
l imi t s  a r e  de t e rmined  for  w a t e r - s a t u r a t e d  sand. 

It is a s su m ed  as the bas i s  of the model  of the medium [11 that the solid component,  which is a finely 
d i s p e r s e d  medium,  does not fo rm a shel l ,  and is in the suspended sa te ,  and that each component  is c o m -  
p r e s s e d  accord ing  to a law p r o p e r  to it in the f r ee  s ta te .  This model is appl icable  to w a t e r - s a t u r a t e d  sand 
if in a dilute (quicksand) s ta te .  Exper iments  conducted on w a t e r - s a t u r a t e d  sand have demons t ra ted  that the 
equations [1] a r e  acceptab le  in ce r ta in  cases  when a skeleton [21 is p r e sen t  in it. 

Le t  us de te rmine  the actual  values of the cubic content of the components ,  analyze  them and the c o m -  
p r e s s i o n  equation, and e s t ima te  the degree  of influence of the skeIeton when the sand is c o m p r e s s e d .  

We will cons ider  a c o m p r e s s i o n  equation and the cubic content of the components  of w a t e r - s a t u r a t e d  
sand.  Suppose that  the cubic content of the gaseous ,  liquid, and solid components  at  P = P0 is a~, o~, aa, 
the spec i f ic  volume of each being V1, V2, and V3, the density Pi, P2, and Ps and the speed of sound in them 
el, c2, and ca. 

At a p r e s s u r e  P > Po the cor responding  components  and p a r a m e t e r s  will be s t a r r e d ,  i .e . ,  a i* ,  a2*, 
0~3", Vi*, V2*, V3*, Pl*, P2*, P3*, and the actual  density of the t h r e e - c o m p o n e n t m e d i u m  will be denoted by p. 

Suppose the c o m p r e s s i o n  of each component  co r r e sponds  to the Tare  equation, i .e . ,  

AP-I- B (_~__)'~ I o \'r 
,3 - =IT) (1) 

where  Ap is excess  p r e s s u r e ,  and B is the mean  in t e rmo lecu l a r  p r e s s u r e  of a component,  which for a i r  is 
equal to a t m o s p h e r i c  p r e s s u r e ,  i .e . ,  Bl = plclZ/Yl = Po, and for  water  and quar tz ,  r e spec t ive ly ,  B2 = P2c22/%, 
B3 = paca2/ya, V0 and V a r e  the initial and actual  values  of the specif ic  volume of a component,  and Y is the 
i sen t rop ic  exponent of a component .  

The actual  values  of densi ty and specif ic  volume of the components ,  in cor respondence  with Eq. (1), 
a r e  given by 

-1 -1 
/ A P T / )  "r~ ~ V. f AP~I ) ~i 

Pi* = Pi/'W'TY'~ ~ + t , Vi* + t ~ = 1, 2, 3 ~, aq ~ \ PIC (2) 

and the cubic content of the components  will depend on compress ib i l i t y  and on the initial cubic content of 
each component ,  i .e . ,  

, = , 2 3  (3) 
J=X 

Fur the r ,  subst i tut ing in Eq. (3) the values of the speci f ic  volumes f rom Eq. (2) and dividing the num-  
e r a t o r  and denomina tor  of the r ight  s ide by the initial  volume V0 of the th ree  component  media ,  we obtain 
the actual  values  of the cubic content of each component  

- I  3 -1 ) - v i l e / A P T  1 , -'r } - i  ai=,i{ ~f~ § iZ %.~p-77y-? +i) , ,=1,2,3 (4) 
\ Pici" J=t  3 3 / 
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T A B L E  1 

Parameters 
Components a 
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Quartz 
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0.t6 
0.55 

p, glem z e, m/sec 
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t.00 f450 
2.65 4500 
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T A B L E  2 

Param- kg f/emz 
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F i g .  1 

Equations (2) and (4) allow us to obtain [i] 

2=1 "~ 
3 (5) 

In t roduc ing  the d e f o r m a t i o n  e we w r i t e  Eq.  (5) 
in the f o r m  

{ AP'r~ )-'q 
= t - ~ = t - y ,  ~,~ + 1 ( 6 )  

P i=1. \ p~clz 

To a n a l y z e  the E q s .  (4) we have  ob ta ined ,  and  the  w e l l - k n o w n  d e p e n d e n c e s  (2)and (5)[2] we t ake  the  
fo l lowing  i n i t i a l  da ta  (Table  1). 

The  r e s u l t s  of c a l c u l a t i o n s  conduc ted  us ing  Eqs .  (2) and  (4)-(6) a r e  p r e s e n t e d  in T a b l e  2. 

I t  fo l lows  f rom T a b l e  2 tha t  the  c o m p r e s s i v e  s t r a i n  v a l u e s  of the  c ompone n t s  in the  f r e e  s t a t e  d i f f e r  
h igh ly  fo r  a i r  and  the  two o t h e r  c o m p o n e n t s  and  a r e  c l o s e  to each  o t h e r  f o r  w a t e r  and  q a r u t z .  The  va lue  
of - ~1" d e c r e a s e s  and  tha t  of a3* i n c r e a s e s  wi th  i n c r e a s i n g  p r e s s u r e ;  a2* f i r s t  i n c r e a s e s  and then  d e -  
c r e a s e s .  The  p h y s i c a l  m e a n i n g  of th is  v a r i a t i o n  of ~2" is  t ha t  a t  low p r e s s u r e s ,  the  v o l u m e  of the  gas  c o m -  
ponen t  s u b s t a t i a l l y  d e c r e a s e s ,  and  the  g a s  d e n s i t y  s i g n i f i c a n t l y  i n c r e a s e s , w h e r e a s  the  l i qu id  and  s o l i d  
p a r t i c l e s  m a i n t a i n  t h e i r  v o l u m e s  and  d e n s i t i e s  p r a c t i c a l l y  i n v a r i a n t .  In th is  c a s e ,  the  con ten t  of the  gas  
c o m p o n e n t  in a uni t  v o l u m e  of the  m e d i u m  d e c r e a s e s ,  and  the content  of the  l iqu id  and  s o l i d  c ompon en t s  
i n c r e a s e s .  With  a f u r t h e r  i n c r e a s e  in p r e s s u r e ,  n a m e l y  when the  a b s o l u t e  s i z e  of the  i n c r e a s e  in ~2" b e -  
c o m e s  g r e a t e r  than  the i n c r e m e n t  in the  gas  c ompone n t ,  ~2" beg ins  to d e c r e a s e ,  and  ee3* wi l l  cont inue  to 
i n c r e a s e ,  s i n c e  the  c o m p r e s s i b i l i t y  of the  s o l i d  c o m p o n e n t  is  l e s s  than tha t  of the  l iqu id .  I t  i s  not  p o s s i b l e  
to  ob ta in  an  a n a l y t i c  e x p r e s s i o n  f r o m  Eq.  (4) f o r  the  p r e s s u r e  a t  which  a~2* is  a t  a m a x i m u m .  

The  c o m p r e s s i o n  Eq .  (5) can  be r e p l a c e d  down to p r e s s u r e s  of  200 k g f / c m  2, due to the  low c o m p r e s s i -  
b i l i t y  of w a t e r  and  q u a r t z  in c o m p a r i s o n  with  tha t  of a i r ,  by  the  s i m p l e r  de pe nde nc e  

w h o s e  m a x i m a l  e r r o r  i s  l e s s  than  1%. 

L e t  us  c o n s i d e r  the  use fu l  l i m i t s  of the  c o m p r e s s i o n  equat ion  fo r  w a t e r - s a t u r a t e d  s a n d ,  To e s t i m a t e  
the  d e g r e e  of i n f luence  of the  s k e l e t o n  on the  use fu l  l i m i t s  of the  equat ion  [1] l e t  us  e x a m i n e  F i g .  1, which  
p r e s e n t s  curates  1-5 o b t a i n e d  u s i n g  Eq.  (6) wi th  t he  i n i t i a l  da t a  g iven  in T a b l e  3, t o g e t h e r  wi th  c u r v e s  f o r  
h y d r o s t a t i c  c o m p r e s s i o n  of d e n s e  (6) and  m e l l o w  (7) s a n d  in the  d r y - a i r  s t a t e  t a k e n  f r o m  [4]. 
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T A B L E  3 
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A d e n s e  sand  (curve  6) has  a p o r o s i t y  of 0.24. 
A t t a c h e d  w a t e r  is  a b s e n t  a t  the  p a r t i c l e  i n t e r f a c e s  of  
t h i s  sand ,  so  tha t  c a p i l l a r y  f o r c e s ,  which  can  be r e -  
p r e s e n t e d  a s  the  s h e a r i n g  s t r e n g t h  in c o m p r e s s i o n ,  
a r e  a b s e n t .  W a t e r - s a t u r a t e d  s and  with  a s k e l e t o n  h a s  
a p o r o s i t y  c l o s e  to the  p o r o s i t y  of c o n d e n s e d  s and  in 
t he  d r y - a i r  s t a t e  and  c a p i l l a r y  f o r c e s  a r e  a l s o  a b s e n t  
a t  the  p a r t i c l e  i n t e r f a c e s .  Consequen t ly ,  c o m p r e s s i o n  
p r o c e s s e s  fo r  the s k e l e t o n s  of w a t e r - s a t u r a t e d  sand  
and  of d e n s e  s a n d  in the  d r y - a i r  s t a t e  m u s t  be i d e n t i c a l  
s i n c e  they  c o n s i s t  of the  s u p e r - p a c k i n g  of the  p a r t i c l e s  

and  in  the  c o n d e n s a t i o n  of the  s a n d .  Curve  7 f o r  f r i a b l e  s and  at  p r e s s u r e  of 100 k g f / c m  2 a t t e s t  to a s i m i l a r  
p r o c e s s .  I t  m a y  be  n o t e d  in F i g .  1 tha t  the  d i f f e r e n c e  in d e f o r m a t i o n s  of  c u r v e s  6 and 7 f o r  f ixed  p r e s s u r e s  
A p >  1 0 0 k  f m 2 e " s - g / c  r m a r e  con tan t  and  equal  to 0.1o 

If we a s s u m e  tha t  the  c o m p r e s s i o n  c u r v e  f o r  the  s k e l e t o n  of w a t e r - s a t u r a t e d  s a n d  is  s i m i l a r  to c u r v e  
6, a c o m p a r i s o n  of c u r v e s  1-5  wi th  t h i s  c u r v e  (Fig .  1) wi l l  a l low us to a s s e s s  the  use fu l  l i m i t s  of Eq.  (6) 

D e p e n d e n c e s  a r e  p r e s e n t e d  in F i g .  2, o b t a i n e d  f r o m  F i g .  1 fo r  the  r e l a t i v e  va lue  of p r e s s u r e  

6 = AP z (e) 100% 
AP t (8) + AP e (e) 

on c o m p r e s s i v e  s t r e s s  a t  c o n s t a n t  i n i t i a l  con ten t  of the  s o l i d  c o m p o n e n t  c~3 of 0.76 and fou r  v a l u e s  of the  
g a s  c o m p o n e n t  a l  = 0, 0.02, 0.05,  and  0.10. 

H e r e ,  the  func t ion  A p / ( 8 )  is  d e t e r m i n e d  f r o m  Eq.  (6) and  d e s c r i b e s  c u r v e s  1 -5 ,  wh i l e  the  funct ion  
A P c ( e  ) d e s c r i b e s  c u r v e  6 (F ig .  1). The  v a l u e s  of p r e s s u r e  A P  Z (y ax i s  in F i g .  2) i s  the  sum of ( A p ~  = 
A p  t (e) + A p  e (~)). 

The  c u r v e s  in F i g .  2 d e m o n s t r a t e  the  d e g r e e  of a c c u r a c y  of Eq.  (6) a s  a func t ion  of c o m p r e s s i v e  
p r e s s u r e  and  g a s e o u s  c o m p o n e n t  con ten t .  

A n  a n a l y s i s  of t h e s e  c u r v e s  shows tha t  when ~1 = 0 the  s k e l e t o n  s c a r c e l y  a f f ec t s  the  c o m p r e s s i v e  
c u r v e  of  w a t e r - s a t u r a t e d  s a n d .  With  i n c r e a s i n g  ~ l  the ro l e  of the  s k e l e t o n  in the  r e g i o n  of Iow p r e s s u r e  
s u b s t a n t i a l l y  i n c r e a s e s  and  the  a c c u r a c y  of Eq.  (6) d e c r e a s e s .  With  f u r t h e r  i n c r e a s e  in c o m p r e s s i v e  
p r e s s u r e ,  the  in f luence  of the  s k e l e t o n  on c o m p r e s s i o n  d e c r e a s e s ,  and  the  a c c u r a c y  of Eq.  (6) i n c r e a s e s .  

O u r  t echn ique  p e r m i t s  the  u se fu l  l i m i t s  of the  equa t ion  [11 to be e s t a b l i s h e d  wi th  a g t v e n d e g r e e  of 
a c c u r a c y  i f  we  know the  c o m p r e s s i v e  c u r v e s  of t he  s k e l e t o n  of s and  in the  d r y - a i r  s t a t e .  In F i g .  3, two 
such  l i m i t s  a r e  c o n s t r u c t e d  fo r  an  ac tua l  e x a m p l e  wi th  a c c u r a c i e s  of 80% and 90%. The  r e g i o n s  u n d e r  the 
b o u n d a r y  c u r v e s  c h a r a c t e r i z e  the  u s e f u l n e s s  of Eq.  (6) f o r  d i f f e r e n t  a3 = 0.76. In the  r e g i o n s  above  the  
b o u n d a r y  c u r v e s ,  Eq.  (6) i s  not  a p p l i c a b l e  a t  t h e s e  a c c u r a c i e s .  

F o r  s andy  s o i l s  wi th  the  s a m e  con ten t  of the  c o m p o n e n t s  a s  c o n s i d e r e d  a b o v e  but wi th  d i f f e r e n t  r e -  
m a i n i n g  c h a r a c t e r i s t i c s  ( form of p a r t i c l e s ,  s t a t e  of t h e i r  s u r f a c e ,  g r a n u l o m e t r i c  c o m p o s i t i o n )  the  r e l a t i o n -  
s h i p s  we have  ob t a ined  as  e x p e r i m e n t s  have  shown,  a r e  s a t i s f i e d  to  a d e g r e e  s u f f i c i e n t  f o r  a c t u a l  u s e .  
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The analysis conducted shows the usefulness of the equation {I] to a previously specified accuracy 
for water-saturated sand containing a skeleton. It follows from the analysis that the compression equation 
can be applied to a degree of accuracy sufficient for practical purposes also for other soils, in particular 
clay if the skeleton compression curves and their structural relations are known, 

Thus the compression equation acquires a universality when applied to different multieomponent 
media contair~Ling a skeleton. 
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